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A SPLITTER THEOREM ON 3-CONNECTED MATROIDS
JOÃO PAULO COSTALONGA
ABSTRACT. We establish the following splitter theorem for graphs and its generalization for ma-
troids: Let G and H be 3-connected simple graphs such that G has an H-minor and k := |V (G)| −
|V (H)| ≥ 2. Let n := ⌈k/2⌉+1. Then there are pairwise disjoint sets X1, . . . ,Xn ⊆ E (G) such that each
G/Xi is a 3-connected graph with an H-minor, each Xi is a singleton set or the edge set of a triangle
of G with 3 degree-3 vertices and X1∪ ·· ·∪ Xn contains no edge sets of circuits of G other than the
Xi ’s. This result extends previous ones of Whittle (for k = 1,2) and Costalonga (for k = 3).
Key words: graph, matroid, minor, connectivity, vertical connectivity, splitter theorem.
1. INTRODUCTION
For a 3-connected matroid M with an N-minor, we say that a set X ⊆ E (M) is N-contractible
or vertically N-contractible inM ifM/X or si(M/X ), respectively, is a 3-connected matroid with
an N-minor. We also define x ∈ E (M) as N-contractible or verticallyN-contractible inM ifM/x
or si(M/x), respectively, is a 3-connected matroid with an N-minor. We say that x ∈ E (M) is N-
deletable if M\x is 3-connected with an N-minor. When N is the empty matroid, we simply say
that the element or set is (vertically) contractible or deletable, according to the suitable case.
Deletable and contractible elements are vastly used in matroid and graph theory as inductive
tools. In one hand, there are results regarding the number of (vertically) contractible elements in
matroids and graphs and their structure and distribution [1, 8, 19, 15, 14]. In other hand, there are
the so-called splitter theorems that asserts that, for 3-connected matroids M > N satisfying cer-
tain hypothesis, there is an (vertically) N-contractible or N-deletable element inM . For example,
Seymour’s Splitter Theorem [17] andmany others [2, 10, 3, 9].
We establish a theorem towards the unification of both families of results. The fundamental
question we seek answer may be stated as follows: “given 3-connectedmatroidsM >N howmany
N-vertically contractible elements can guarantee to exist? What can we say about their distribu-
tion?”. In particular, we generalize the following theorem:
Theorem 1. (Whittle [18](k = 1,2) and Costalonga [4](k = 3)) Let k ∈ {1,2,3} and let M be a 3-
connected matroid with a 3-connected simple minor N such that r (M)− r (N ) ≥ k. Then, M has a
k-independent set of vertically N-contractible elements.
The requrement ofN to be simple in the theoremabove is necessary, for instance,M ∈ {M(K4),U2,n}
has anU1,3-minor but no edge e such that si(M/e) has anU1,3-minor. Theorem 1 is not valid for
larger values of k with a similar statement. Indeed,M∗(K ′′′3,n) has only three vertically contractible
elements [19, Theorem 2.10]. However, we prove an extension of Theorem 1 considering another
verticallyN-contractible structure than a single element.
For a matroidM and n ≥ 3, a sequence of elements K := x1, . . . ,xn , y1, . . . , yn is said to be an N-
carambole of M if L := {y1, . . . , yn} is a vertically N-contractible line ofM with n distinct elements
and, for each i ∈ [n], (L− yi )∪ xi is a cocircuit ofM . In this case, we say that L is the filament and
X := {x1 . . . ,xn} is the hull of K . Note that in the graphic case a filament corresponds to a triangle
whose vertices have degree 3. We say that a family {X1, . . . ,Xn} of subsets of E (M) is a free family of
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M ifM |(X1∪·· ·∪Xn)=M |X1⊕·· ·⊕M |Xn . Note that, if each Xi is a singleton set, then such family
is free if and only if X1∪·· ·∪Xn is independent inM . Our main theorem is the following.
Theorem 2. If M is a 3-connected matroid with a 3-connected simple minor N such that k :=
r (M)− r (N ) ≥ 2, then M has a free family with cardinality ⌈k/2⌉+1 whose members are vertically
N-contractible singleton sets or N-filaments of M.
For graphic matroids, we have:
Corollary 3. Suppose thatG and H are 3-connected simple graphs, thatG has an H-minor and that
k := |V (G)|−|V (H)| ≥ 2. Then, there is a familyF := {X1, . . . ,Xn} of pairwise disjoint subsets of E (G),
such that n ≥ ⌈k/2⌉+1, each edge set of a circuit of G[X1∪·· ·∪Xn] is a member of F and, for each
i ∈ [n]:
(a) Xi is a singleton set such that G/Xi is 3-connected with an H-minor, or
(b) Xi is the edge set of a triangle of G with three degree-3 vertices and G/Xi is 3-connected and
simple with an H-minor.
For a degree-3 vertex v in a 3-connected graphG ′, up to labels, there is an unique way to build
a 3-connected graphG such thatG/T =G ′ and T is a triangle of G whose adjacent edges inG are
the ones adjacent to v inG . Similarly, for a non-trivial cosegment X in a 3-connected matroidM ′,
there is an uniquematroidM with a carambolewith X as hull and a filament L such thatM/L =M ′
(up to the labels of the elements of L). In Section 4 this claim is be proved and the relations between
suchM andM ′ are described.
The size of the family in Theorem 2 is sharp. Even if we drop the requirement that the family
obtained in the Theorem 2 is free, the size ⌈k/2⌉ + 1 cannot be improved. The sharp family of
examples in Section 2 also holds for this weaker version of the Theorem.
In our studies, a structure weaker than a carambole raises naturally in the critical cases as an
obstruction for some elements to be vertically N-contractible. An N-biweb is a sequence of el-
ements x1,x2, y1, y2, y3 such that {y1, y2, y3} is a vertically N-contractible triangle and, for i = 1,2,
{xi , y3−i , y3} is a triad ofM . The following corollaries strengthen Theorem 2 for k = 4,5.
Corollary 4. If, in Theorem 2, k = 4, and M has no 4-independent set of vertically N-contractible
elements, then M has a 3-independent set of vertically contractible elements in an N-biweb.
Corollary 5. If, in Theorem 2, k = 5, then M has a 4-independent set of vertically N-contractible
elements or an N-filament with 3 elements.
Let M be a 3-connected graphic matroid other that a wheel. If F+ is a maximal fan of M with
respect to having its extremes in triads of M , then we say that the set F of the non-extreme ele-
ments of F is an inner fan of M . Let N be a 3-connected minor of M . Costalonga [5] established
thatM has a free family whose members are vertically N-contractible inner fans or singleton sets
and whose sum of the rank of the members is r (M)− r (N ). A problem to be considered in further
investigations is to establish a generalization of this result to non graphic matroids. Specially, in
such a way that the next conjecture follows as a corollary:
Conjecture 6. If M is a triangle-free 3-connectedmatroid with a simple 3-connectedminor N, then
M has an independent set I of N-contractible elements such that |I | = r (M)− r (N ).
We follow the terminology of Oxley [16]. The symbol “♦” is used to indicate the end of a nested
proof. We also denote [n] := {1, . . . ,n} and use the same letter to refer to a sequence of elements
and the set of its elements. Some notations will remain fixed since the beginning of Section 4.
2. SHARPNESS
A sharp case for Theorem 2 is constructed next. For n ≥ 4, let K be a copy of K ′′′3,n and U :=
{v ∈ V (K ) : dK (v) > 3}. For m ≥ 4, let H be a copy of the bipartite graph Km,m with stable classes
of vertices A and B , U ⊆ B and V (H)∩V (K ) = U . Let G be the union of H and K and define
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M :=M∗(G) and N =M∗(H). Denote V (K )−U = {v1, . . . ,vn}. Let Xi be the set of edges incident to
vi inG . Note that each Xi is the filament of carambole ofM whose other edges are in K [U ].
We will prove that, if G\e has an H-minor, then e ∈ E (K ). Indeed, consider I , J∗ ⊆ E (G) such
that H ∼=G/I\J∗, e ∈ J∗, I is independent and J∗ is coindependent inM(G). Note thatG\J∗ has no
isolated vertices. Since H has no degree-3 vertices and G\J∗ has no isolated vertices, then, each
vi is incident to an element of I . But {v1, . . . ,vn} = V (K )−V (H). So, |I | = n. We may choose, in a
natural way, V (G/I ) = V (H). If e ∈ E (H), the vertex of A incident to e has degreem−1 in G/I\e .
But H ism-regular and V (H)=V (G/I ). A contradiction. This implies that e ∉ E (H) and, therefore
e ∈ E (K ).
So, each family satisfying Theorem 2 for M and N has all members contained in E (K ) and,
therefore, F := {X1, . . . ,Xn}∪ {{e} : e ∈ E (G[U ])} is a maximum sized such family. Note that k :=
r (M)− r (N )= 2n+3. Hence, |F | = n+3=
⌈2n+6
2
⌉
=
⌈
k
2
⌉
+1 and the desired sharpness holds.
3. PRELIMINARIES
In this section we establish some preliminary Lemmas.
Lemma 7. If H is a connected rank-3 simple matroid and a,b ∈ E (H), then there is a 4-circuit of H
containing a and b or H is the parallel connection of two lines with base point a or b.
Proof. First consider the case that a 6= b. Suppose that the result does not hold in such case. Hence,
H has a triangle T containing a and b. Since H has rank 3 and no coloops, there are distinct
elements c and d in E (H)−clH (T ). The dependent set {a,b,c,d} is not a circuit, so wemay assume
that S := {b,c,d} is a triangle of H . There is an element e ∈ E (M)− (clH (T )∪ clH (S)) because H is
not the parallel connection of clH (T ) and clH (S). By assumption, the dependent set {a,b,d ,e} is
not a circuit of H . So, it contains a triangle R . By construction, e ∉ clH (S). Hence, a ∈ R . Also,
d ,e ∉ clM ({a,b}) and, therefore, R = {a,d ,e}. By circuit elimination on R , S and d , there is a circuit
C of H contained in (R∪S)−d . Since R−d and S−d are in distinct lines of H , thenC = (R∪S)−d ,
which is a 4-circuit of H containing a and b, a contradiction. Thus, the result holds if a 6= b.
Now, for a = b, suppose that H has no 4-circuit containing a and consider a basis {a,x, y} ofM .
If a is in no 4-circuit ofM , then applying the previous case to a and x and to a and y , we conclude
that M is the parallel connection of two nontrivial lines with base point a and the result holds in
general. 
Lemma8. Let H be a vertically connectedmatroid and Y ⊆ E (H). Suppose that {A,B} is a vertical 2-
separation of H with A minimal with respect to containing Y . Then (A−Y )∩clH (B)=;. Moreover,
if x ∈ (A−Y )∩cl∗H (B), then rM (A)= 2 and x is a coloop of H |A.
Proof. First we will prove that (A − Y )∩ clH (B) = ;. Suppose for a contradiction that x ∈ (A −
Y )∩ clH (B). Then λH (A− x) ≤ λH (A). By the minimality of A, rH (A− x) < 2 and so rH (A− x) = 1
and rH (A) = 2. But this implies that λH (A − x) ≤ λH (A)− 1 = 0. A contradiction to the vertical
connectivity of H .
For the second part, consider x ∈ (A −Y )∩ cl∗H (B). Again, λH (A − x) ≤ λH (A) and, therefore,
rH (A−x)= 1. So, rH (A)= 2 and x is a coloop of H |A. 
Lemma 9. Let H be a vertically connected but not vertically 3-connectedmatroid. Suppose that z is
an element of H such that H/z is vertically 3-connected. If A is a minimal vertical 2-separating set
of H with respect to containing z, then A is a rank-2 cocircuit of H.
Proof. Note that z is not a loop of H . Let B := E (H)−A. Wemay writeH = L⊕2K with E (L)= A∪p,
where p is the base point of the 2-sum. Since rH/z (A− z) and rH/z(B) are both at least 1 and H/z
is vertically connected, then z is not in parallel with p in L. So, z ∉ clH (B). Hence, by Lemma 8 for
Y = {z}, B is a flat of H . This implies that rH/z(B) = rH (B) and, therefore, λH/z (A) = λH (A). But
H/z is vertically 3-connected, thus rH/z(A− z) ≤ 1. Hence, rH (A) = 2. Thus, rH (B) = r (H)−1. So,
B is an hyperplane and A is a rank-2 cocircuit of H . 
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The next Lemma has a straightforward proof.
Lemma 10. If M is a 3-connected matroid, r (M) ≥ 4 and C∗ and D∗ are distinct cocircuits of M,
then rM (C∗∪D∗)≥ 4.
4. CARAMBOLES AND THEIR PROPERTIES
In this section, we present some attractive properties of caramboles. From this point, we will
have some notations fixed as described next. We always considerM as a 3-connected simple ma-
troid with a 3-connected simple minor N . When talking about a carambole, by standard, we will
denote it by K = x1, . . . ,xn , y1, . . . , yn , its filament by L, its hull by X andC∗i := (L− yi )∪xi .
Proposition 11. If X is the hull of a carambole of a 3-connected matroid M with r (M) ≥ 4, then
r ∗
M
(X )= 2. Moreover, the filament of such carambole has same cardinality as X .
Proof. By Lemma 10, |X | = n. Consider a cocircuit C∗ ⊆ (C∗1 ∪C
∗
2 )− y3. Note that C
∗−L ⊆ {x1,x2}.
As rM (C∗) ≥ 3, C∗ meets {x1,x2} and we may assume that x1 ∈C∗. Moreover, C∗ meets L and, by
orthogonality, L− y3 ⊆C∗. Now consider D∗ ⊆ (C∗∪C∗3 )− y2. Since y3, y2 ∉D
∗, then D∗ avoids L.
Therefore, D∗ = {x1,x2,x3}. Analogously, {xi ,x j ,xk } is a triad of M for each 3-subset {i , j ,k} ⊆ [n]
and the proposition holds. 
Proposition12. LetM be a 3-connectedmatroidwith r (M)≥ 4. Suppose that K := x1, . . . ,xn , y1, . . . , yn
is a carambole of M with filament L and hull X . Suppose that C ∈ C (M) and C * L. Then the fol-
lowing assertions hold:
(a) If C intersects K , then
(a.1) X ⊆C and (C −L)∪ A ∈C (M) for each 2-subset A of L, or
(a.2) For some l ∈ [n], X −C = {xl }, (C −L)∪ yl ∈ C (M) and, for each 2-subset A of L− yl ,
(C −L)∪ A ∈C (M).
(b) C −L ∈C (M/L).
Proof. We prove first:
(I). Let {i , j } be a 2-subset of [n] and let D be a circuit of M such that {yi } ⊆ D ∩L ⊆ {yi , y j }. Then
|X −D| ≤ 1 and one of the following alternatives holds:
(i) D ∩L = {yi }, X −D = {xi } and D1 := (D −L)∪ {y j , yk } ∈C (M) for each k ∈ [n]− {i , j }; or
(ii) D ∩L = {yi , y j } and for each k ∈ [n]− {i , j }, one of the following holds:
(ii.1) X −D = {xk } and D1 := (D −L)∪ yk ∈C (M), or
(ii.2) X −D 6= {xk } and D1 := (D −L)∪ {yk , y j } ∈C (M).
Note that yi ∈ C∗j ∩D ⊆ {x j , yi }. By orthogonality, x j ∈ D. By Proposition 11, r
∗
M (X ) = 2 and,
by orthogonality with D, |X −D| ≤ 1. Let k ∈ [n]− {i , j } and let D1 be a circuit of M with x j ∈D1 ⊆
(D∪{yi , y j , yk })−yi . Since x j ∈D1∩C∗j ⊆ {x j , yk}, thus, by orthogonality, yk ∈D1. LetD2 be a circuit
ofM with x j ∈D2 ⊆ (D1∪ {yi , y j , yk })− yk . As D1 ⊆D ∪ {y j , yk }, thenD2 ⊆D ∪ {yi , y j }=D ∪ y j .
First, we consider the case that D ∩L = {yi }. By orthogonality with C∗i , xi ∉ D. As |X −D| ≤ 1,
X −xi ⊆D. AsD2 ⊆D∪ y j and xi ∉D, then xi ∉D2. Moreover, |D2∩L| ⊆ {yi , y j }. So,C∗i ∩D2 ⊆ {y j }
and, by orthogonality, y j ∉D2. So, D2 ⊆D and, therefore, D2 =D. Since D2−L ⊆D1−L ⊆D −L =
D2−L, then D1−L = D −L. We already checked that yk ∈D1. Since xk ∈D −L =D1−L, then, by
orthogonality withC∗
k
, y j ∈D1. So,D1 = (D −L)∪ {y j , yk } and (i) holds in this case.
So, assume thatD ∩L = {yi , y j }. As D2 ⊆D ∪ y j =D, henceD2 =D andD1−L =D −L again. We
already checked that yk ∈D1. If X −D = {xk }, as D1∩L ⊆ {y j , yk}, then, by orthogonality with C
∗
k
,
y j ∉D1. So, D1 = (D −L)∪ yk and we have (ii.1). Otherwise, X ⊆D and, by orthogonality with C∗k ,
y j ∈D1 and (ii.2) holds. So, (I) holds. ♦
By orthogonalitywith theC∗
i
’s, each circuit intersectingK but not contained in L, intersects L in
{yi } or {yi , y j } for some i , j ∈ [n]. Now, it is clear that (a) follows by applying (I) iteratively.
For item (b), ifD is a circuit ofM such that;(D−L ⊆C−L, by item (a), (D−L)∪(C∩L) contains
a circuit, but this set is contained inC , so it isC andC −L =D −L. This finishes the proof. 
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Corollary 13. If L is a filament of a 3-connectedmatroidM with r (M)≥ 4, thenM/L is 3-connected.
In particular, all triangles of M meeting K are contained in L
Proof. By the definition of filament, si(M/L) is 3-connected. So, it is enough to prove the second
part of the corollary. Suppose for a contradiction that T is a triangle of M meeting K but not
contained in L. By Proposition 12, |L∩T | ≥ 1 and |X ∩T | ≥ |X |−1. Then n = 3 and we may assume
that T = {x1,x2, y3}. Now, it follows that rM (C∗1 ∪C
∗
2 )= 3. A contradiction to Lemma 10. 
The next Proposition establishes thatM can be rebuild in an unique way fromM/L.
Proposition 14. Let M and H be 3-connected matroids with rank at least four, both having a com-
mon carambole with filament L. Then M =H if M/L =H/L.
Proof. By symmetry, it is enough to prove thatC (H)⊆C (M). Indeed, suppose thatD is a circuit of
H meeting L. So,D−L is a circuit of H/L =M/L by Proposition 12 (b) on H . Thus there is a circuit
C of M such that C −L = D −L. Since X −D = X −C , then by Proposition 11 (a) on M , it follows
that (C −L)∪ (D ∩L)=D is a circuit ofM . Thus C (H)⊆C (M). 
Such reconstruction ofM fromM/L ismade in amore explicit way as follows. Let X := {x1, . . . ,xn}
and L := {y1, . . . , yn}. LetΘn be the matroid on X ∪L such thatΘ∗n has L as a line, X as a coline and,
for i ∈ [n], C∗
i
:= (L− yi )∪ xi as a cocircuit, as defined by Oxley [Proposition 11.5.1][16] (see also
[13]). Then
Corollary 15. Consider L and X as described above. Suppose that H is a cosimple matroid with
X ⊆ E (H), r ∗H (X ) = 2 and L ∩ E (H) = ;. Suppose also that M is a 3-connected simple matroid
having x1, . . . ,xn , y1, . . . , yn as carambole. Then H =M/L if and only if M∗ = PX (H∗,Θn).
Such reconstruction is the same as the one used in generalized delta-wye exchanges. In the
next proposition, we see that the existence of filaments also guarantees the existence of certain
independent sets of N-contractible elements. This proposition will be proved in Section 7.
Proposition 16. Let M be a 3-connected matroid with an N-minor. Suppose that r (M) ≥ 4. If X is
the hull of an N-carambole, then X is an independent set of M whose elements are N-contractible.
5. OTHER STRUCTURES AND THEIR PROPERTIES
In this section, we will define some structures and establish some of their properties. We keep
the notations fixed in the beginning of Section 4. We say that a line in a matroid is non-trivial if it
has at least three points.
A vertically contractible element of si(M/x) may be not vertically contractible inM . This is the
greatest difficulty to apply an inductive strategy to our problem. Whittle [18] characterized the
structures that may appear in such situation. We will describe such structures and strengthen
their characterizations next.
An (M ,N )-vertbarrier is a pair (C∗,p), where C∗ is a rank-3 cocircuit of M , p ∈ clM (C∗)−C∗
and si (M/x,p) is 3-connected with an N-minor for some x ∈ C∗ (and therefore for all x ∈ C∗ as
established ahead, in Lemma 18). We say that (C∗,p) contains x if x ∈ C∗. The next Lemma is a
generalization of Lemma 3.6 of [18].
Lemma 17. Suppose that x and p are elements of M such that {x,p} is vertically N-contractible in
M but p is not. Then r (M)≥ 4 and there is an (M ,N )-vertbarrier (C∗,p) containing x.
Proof. If |E (M)| ≤ 3, the result is clear. Assume the contrary. So,M/p is connected, and, therefore,
vertically connected. SinceM/p is not vertically 3-connected, then r (M/p)≥ 3. Therefore, r (M)≥
4. By Lemma 9 for (H ,z) = (M/p,x), M/p has a rank-2 cocircuit C∗ containing x. Since M is
3-connected and r (M)≥ 4, hence rM (C∗)= 3. Moreover p ∈ clM (C∗), because rM/p (C∗)= 2. 
Whittle [18] established the following two lemmas:
Lemma 18. (Lemma 3.7 of [18]) Suppose that C∗ is a rank-3 cocircuit of M and p ∈ clM (C∗)−C∗.
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(a) If x, y ∈C∗, then si(M/p,x)∼= si(M/p, y).
(b) If, for some z ∈C∗, {z,p} is vertically N-contractible, then, for each x ∈C∗, {x,p} is vertically
N-contractible.
Lemma 19. (Lemma 3.8 of [18]) If C∗ is a rank-3 cocircuit of M and x ∈ C∗ has the property that
clM (C∗)−x contains a triangle of M/x, then si(M/x) is 3-connected.
Lemma 19 implies the two next corollaries:
Corollary 20. If M has a triangle T intersecting a triad T ∗, then, for x ∈ T ∗−T and y ∈ T −T ∗,
si(M/x) and co(M\y) are 3-connected.
Corollary 21. Suppose that C∗ is a rank-3 cocircuit of M, then each element of C∗ in a 4-circuit of
M |clM (C∗) is vertically N-contractible in M.
Lemma 22. If, for n ≥ 3, L := {y1, . . . , yn} is a line of M and x1, . . . ,xn are elements of M such that,
for each i ∈ [n], C∗
i
:= (L− yi )∪xi is a cocircuit of M, then K := x1, . . . ,xn , y1, . . . , yn is a carambole of
M. Moreover, if, for some distinct i and j in [n], M/xi , yi or M/yi , y j has an N-minor, then K is an
N-carambole of M.
Proof. First we prove the Lemma for n = 3. Since y3 ∈ T −T ∗3 , then, by Corollary 20, co(M\y3)
is 3-connected. By orthogonality, T ∗1 , T
∗
2 and T
∗
3 are the unique triads of M meeting T . Hence,
{x1, y2} and {x2, y1} are the unique serial pairs of M\y3. So, M/T is 3-connected because M/T =
M\y3/y1, y2 ∼= co(M\y3). Thus,W is a carambole ofM . Now, say thatM/x1, y1 has anN-minor. By
Lemma 18, si(M/x1, y1) ∼= si(M/y1, y2)= si(M/T ). So, M/T has an N-minor and the lemma holds
for n = 3.
Now, let us consider n ≥ 4. Let 1≤ i < j < k ≤ n and Y := L−{yi , y j , yk}. So,M\Y is 3-connected.
By the lemma for n = 3,W := xi ,x j ,xk , yi , y j , yk is a carambole of M\Y . Thus, M\Y /{yi , y j , yk } =
M/L is 3-connected. The first part of the lemma is proved. Now, say thatM/xi , yi has anN-minor.
By Lemma 18, si(M/xi , yi ) ∼= si(M/yi , y j ) = si(M/L). So, M/L has an N-minor and the lemma
holds. 
The next lemma has an elementary proof, which is left to the reader.
Lemma 23. If H is a rank-3 simple matroid with |E (H)| ≥ 4, then one of the following alternatives
holds:
(a) H is the direct sum of a nontrivial line and a coloop.
(b) H is connected and has a 4-circuit.
Motivated by Lemma 23, for an (M ,N )-vertbarrier (C∗,p), if H :=M |(C∗∪p) is disconnected,
we define the coloop and the line of H respectively as the coloop and line of (C∗,p) and we say
that (C∗,p) is disconnected. Otherwise (C∗,p) is said to be connected. Combining Lemma 7 and
Corollary 21, we have:
Corollary 24. Suppose that (C∗,p) is a connected (M ,N )-vertbarrier. Then
(a) each element of C∗ is vertically N-contractible in M or
(b) M |(C∗∪p) is the parallel connection of two nontrivial lines with base point, namely, b and
each element of C∗−b is vertically N-contractible in M.
Lemma 25. If r (M) ≥ 4 and (C∗,p) is a disconnected (M ,N )-vertbarrier with line L, then L is an
N-filament of M or L contains a vertically N-contractible element of M.
Proof. Suppose that L contains no vertically N-contractible elements of M . Let C∗1 :=C
∗, y1 := p,
L := {y1, . . . , yn} and x1 ∈C∗1 −L.
Let i ∈ {2, . . . ,n} with i 6= j . By Lemma 18, M/L = si(M/yi , y1) is 3-connected with an N-minor.
But si(M/yi ) is not vertically 3-connected,and, by Lemma17, there is an (M ,N )-vertbarrier (C∗i , yi ),
containing y1. By orthogonality L− yi ⊆C∗i .
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If (C∗
i
, yi ) is connected, then, by Corollary 24 on C∗i , L contains a vertically N-contractible el-
ement of M , a contradiction. Therefore, each (C∗
i
, yi ) is a disconnected (M ,N )-vertbarrier with
coloop, namely, xi .
If L intersects a triangle T * L, hence, T ⊆ clM (C∗i ) by orthogonality and, by Lemma 19, the
elements of L−T are vertically N-contractible inM . A contradiction to our assumptions. Hence,
there is no such triangle. Thus, the line of each (C∗
i
, yi ) must be L. Now, the result follows from
Lemma 22. 
Wesay that a biweb x1,x2, y1, y2, y3 is strict if there is no element x3ofM such that x1,x2,x3, y1, y2, y3
is a carambole ofM .
Corollary 26. If r (M) ≥ 4 and x1,x2, y1, y2, y3 is a strict N-biweb of M, then y3 is vertically N-
contractible in M.
Proof. Since the biweb is strict, then {x2, y3} is the unique serial pair ofM\y1, thus, by Corollary 20,
co(M\y1)∼=M/y3\y1 is 3-connected. But y1 is in parallel inM/y3. So, si(M/y3)∼= si(M/y3\y1) and
the result holds. 
In [1] is proved that in a 3-connected graphG , each pair of non vertically contractible elements
ofM(G) incident to a same degree-3 vertex is in a triangle and that each degree-3 vertex is incident
to a vertically contractible element ofM(G). Next we generalize this result. This may also be seem
as a variation of Tutte’s Triangle Lemma.
Proposition 27. Suppose that r (M) ≥ 3 and C∗ is a rank-3 cocircuit of M. If C∗ contains two non-
vertically contractible elements of M, then all non-vertically contractible elements of M inC∗ are in
a non-trivial line of M. Moreover, C∗ contains a vertically contractible element of M.
Proof. Suppose the contrary. First we prove:
(I). C∗ meets no nontrivial line of M.
Suppose that L is a non-trivial line of M meeting C∗. By Lemma 19, all elements of C∗−L are
vertically contractible inM . But this implies the proposition. So, (I) holds. ♦
If C∗ is a triad, then we may assume that C∗ contains a pair of non vertically contractible ele-
ments ofM . But, in this case, the dual of Tutte’s triangle Lemma contradicts (I).
Thus, we may assume that |C∗| ≥ 4 and, therefore, C∗ contains a circuit of M . By (I), C∗ con-
tains a 4-circuit ofM , and, by Lemma 23,M |C∗ is a simple rank-3 connected matroid. By (I) each
element of C∗ is in a 4-circuit of M |C∗ and, by Corollary 21, all elements of C∗ are vertically con-
tractible, a contradiction. So, the proposition holds. 
6. LEMMAS FOR THE PROOFS
In this section we establish Lemmas towards the proof of the main results. We will keep the
notations set in the beginning of Section 4.
Lemma28. (Cunningham [7, Proposition 3.2]) If y is an element of amatroid H other than a coloop
and H\y is vertically 3-connected, then so is H.
Corollary 29. If M\x is 3-connected, then each vertically N-contractible element of M\x is vertically
N-contractible in M.
Lemma30. Suppose that r (M)≥ 4, M\x is 3-connected and L is an N-filament ofM\x. Then clM (L)
is an N-filament of M or clM (L) contains a vertically N-contractible element of M.
Proof. Since si(M\x/L)∼= si(M\x/y1, y2), thenM\x/y1, y2 is vertically 3-connected. Since x is not a
coloop ofM/y1, y2. Hence, by Lemma 28,M/y1, y2 is a vertically 3-connectedmatroid. If si(M/y1)
is 3-connected, then the result holds. Assume the contrary. By Lemma 17, there is an (M ,N )-
vertbarrier (D∗, y1) containing y2.
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Since y2 ∈ D∗, by orthogonality, clM (L)− y1 ⊆ D∗. If (D∗, y1) is connected, then Corollary 24
implies that there is a vertically N-contractible element of M in clM (L) and the lemma holds. If
(D∗, y1) is disconnected, then clM (L) is the line of (D∗, y1) because clM (L)−y1 ⊆D∗ by orthogonal-
ity. The result follows from Lemma 25 in this case. 
Lemma31. Suppose that M/x ≇U2,4, M/x is 3-connected and L is a rank-2 set in M/x with at least
4 elements. Then each (|L|−1)− subset of L contains a deletable or a vertically contractible element
of M. In particular, L contains a deletable element of M or a pair of vertically contractible elements
of M.
Proof. Suppose the contrary. Let L = {y1, . . . , yn}. Wemay assume that y1, . . . , yn−1 are not deletable
nor vertically contractible. For i ∈ [n−1], co(M\yi ) is 3-connected since si(M/yi ) is not. ButM\yi
is not 3-connected, thus, there is a triad T ∗
i
ofM containing yi . Since T ∗i meets L, |L| ≥ 4 andM/x
is 3-connected and not isomorphic toU2,4, hence T ∗i is not a triad ofM/x. So, x ∈T
∗
i
.
Suppose first that for some 1 ≤ i < j ≤ n − 1, T ∗
i
∩T ∗
j
6= {x}, then 2 ≤ |(T ∗
i
∪ T ∗
j
)− x| ≤ 3. If
|(T ∗
i
∪T ∗
j
)−x| = 3 , then (T ∗
i
∪T ∗
j
)−x is a triad ofM/xmeeting L, a contradiction. If |(T ∗
i
∪T ∗
j
)−x| =
2, then T ∗
i
= T ∗
j
= {x, yi , y j }. If for some k ∈ [n]− {i , j }, C := {x, yi , y j , yk } is a circuit of M , then by
Lemma 21 on T ∗
i
and C , yi and y j are vertically contractible and the Lemma holds. So, {yi , y j , yk }
is a triangle for each k ∈ [n] and L is a line ofM , which implies that the elements of L are deletable
and also implies the Lemma.
So, we may assume that T ∗
i
∩T ∗
j
= {x} if 1≤ i < j ≤ n−1. This implies that T ∗
i
∆T ∗
j
is a cocircuit
of M and, therefore, of M/x. By orthogonality, |L− (T ∗
i
∆T ∗
j
)| ≤ 1. Since, yk ∉ T ∗i ∆T
∗
j
for k ∈ [n−
1]− {i , j }, then n = 4 and y4 ∈ T ∗i ∆T
∗
j
for each 1 ≤ i < j < n−1= 3. So, y4 is in two of T ∗1 , T
∗
2 and
T ∗3 . But, T
∗
i
∩T ∗
j
= {x} if 1≤ i < j ≤ n−1. A contradiction. 
Lemma 32. Suppose that r (M)≥ 4, M/x is 3-connected and M has no N-deletable elements. If L is
an N-filament of M/x, then L is an N-filament of M or L contains a pair of vertically N-contractible
elements of M.
Proof. Suppose that the result does not hold. By Lemma 31, |L| = 3. So, L a filament of M/x. We
may assume that y1 and y2 are not vertically contractible in M . By Proposition 27 on C∗3 , y1 and
y2 are in a triangle T of M . As M/x is 3-connected, hence x ∉ T and T is a triangle of M/x. By
Corollary 13, T = L. The result follows from Lemma 22. 
In some cases, it is easier to prove that an element p is spanned by vertically N-contractible
elements instead of proving that p is vertically N-contractible itself. In this case, some exchanges
to get a desired vertically N-contractible element may be applied (we will do it further, in Lemma
42). We say that an element p ∈ E (M) is N-replaceable in M if p is spanned by a set of vertically
N-contractible elements of M . For S ⊆ E (M), we say that p is (S,N )-replaceable if there is a set I
of verticallyN-contractible elements ofM such that p ∈ clM (S∪ I )−clM (S).
Lemma 33. Suppose that M ≇U2,4 has no N-deletable elements. If si(M/x,p) is 3-connected with
an N-minor, then p is ({x},N )-replaceable in M or M has an N-biweb x,x2,p,p2,p3.
Proof. Suppose the contrary. So, p is notN-replaceable inM , because, otherwise, since p ∉ clM ({x}),
p would be ({x},N )-replaceable inM . In particular p is not vertically contractible. By Lemma 17,
r (M) ≥ 4 and there is an (M ,N )-vertbarrier (C∗,p) containing x. If (C∗,p) is connected, then by
Lemma 24 p is spanned by verticallyN-contractible elements ofM and p is N-replaceable, a con-
tradiction. So, (C∗,p) is disconnected, with line, say, L. By Lemma 18, si(M/x,p) ∼= si(M/L) is
3-connected with an N-minor. Then M\p has an N-minor. As, si(M/p) is not 3-connected, then
co(M\p) is 3-connected. But p is not N-deletable, and, therefore, p is in a triad T ∗ ofM . So, L is a
triangle because L meets T ∗. This also implies that C∗ is a triad. Since C∗ and T ∗ are distinct tri-
ads meeting L, those triads are not in a same coline ofM . By orthogonality, |C∗∩L| = |T ∗∩L| = 2.
So, we may write L := {p,p2,p3}, C∗ := {x,p2,p3} and T ∗ := {x2,p,p3}. As si(M/x,p) ∼= si(M/L), this
proves the lemma. 
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Lemma 10 yields:
Corollary 34. If r (M)≥ 4 andW is a biweb of M, then rM (W )≥ 4.
Lemma 35. If r (M) ≥ 4, M has no N-deletable elements and W = x1,x2, y1, y2, y3 is an N-biweb of
M, then {y1, y2, y3} is the unique triangle of M intersectingW .
Proof. Suppose for a contradiction that S is a triangle ofM intersectingW other thanT := {y1, y2, y3}
Then, by orthogonality with T ∗
i
:= {xi , y3−i , y3} for i = 1,2, wemay assume that x1 ∈ S. If y3 ∈ S, then
S ⊆W by orthogonality with T ∗2 . But this implies that rM (W ) ≤ 3. A contradiction to Lemma 34.
So, y2 ∈ S by orthogonality with T ∗1 . Hence, W is part of a maximal fan F of M containing S. As
M\y1 has an N-minor and y1 is an inner spoke of F , thus each deletion of a spoke of F in M has
an N-minor. ButM has no N-deletable elements, so the extremes of F are triads. Moreover, if T ∗
is a triad in F intersecting xi but different from T ∗i , then T
∗ is a rank-2 cocircuit ofM/T , which is
vertically 3-connected with rank at least 3, a contradiction to the vertical 3-connectivity of M/T .
So, F =W and the lemma holds. 
Lemma 36. Suppose that r (M) ≥ 4, W = x1,x2, y1, y2, y3 is an N-biweb of M and M has no N-
deletable elements. Then M/{y1, y2, y3} is 3-connected.
Proof. Write T := {y1, y2, y3}. By the definition of biweb, we just have to prove thatM/T is simple.
Suppose the contrary and let C be a circuit of M such that 1 ≤ C −T ≤ 2. By Lemma 35, |C | = 4.
Therefore, |C ∩T | = |C −T | = 2. By Corollary 34, C *W . So, we may assume that x2 ∉ C . But
C meets {y1, y3} because |C ∩T | = 2. By orthogonality with {x2, y1, y3}, C ∩T = {y1, y3}. So, y2 ∉
C . By orthogonality with {x1, y2, y3}, x1 ∈ C . Let D be a circuit of M contained in (C ∪T )− y3.
By orthogonality with {x2, y1, y3}, y1 ∉ D. As |D| ≥ 3, hence D = (T ∪C )− {y1, y3} and |D| = 3. A
contradiction to Lemma 35. 
Lemma37. Suppose that r (M)≥ 4, T is the triangle of an N-biweb of M and M has no N-deletable
elements. If L is an N-filament ofM/T , then L is an N-filament ofM or L contains an N-contractible
element of M.
Proof. LetW = x1,x2, y1, y2, y3 be anN-biweb ofM with T := {y1, y2, y3}. If L is not a line ofM , then
{L,T } is not free in M . So, there is C ∈ C (M |L∪T ) meeting both L and T . By orthogonality with
{x1, y2, y3} and {x2, y1, y3}, {x1,x2} meetsC and, therefore, L. By Corollary 20 and Lemma 35, x1 and
x2 are N-contractible inM . This implies the Lemma in this case.
Now, assume that L is a line ofM . Say that L is part of a carambole K ofM/T . The cocircuits of
K inM/T are also cocircuits ofM . The result follows from Lemma 22. 
Lemma 38. If r (M) 6= 5 and T is a triangle of an N-biweb of M, then each vertically N-contractible
element of si (M/T ) is (T,N )-replaceable in M.
Proof. LetW = x1,x2, y1, y2, y3 be a biweb of M having T as triangle. Suppose for a contradiction
that p is a vertically N-contractible element of si(M/T ) which is not N-replaceable in N . Note
that that p ∉ clM (T ). As x1 and x2 are vertically N-contractible by Corollary 20, it follows that
p ∉ clM (W ). Now, si(M/T ∪p) is 3-connected but si(M/p) is not. If r (M)≤ 3, thenM/p is trivially
vertically 3-connected. So, we may assume that r (M) ≥ 4. By Corollary 34 and since p ∉ clM (W ),
it follows that rM (W ∪p) = 5 and, therefore, r (M) ≥ 6, as r (M) 6= 5 by assumption. Let {A,B} be a
vertical 2-separationofM/p such that |B∩T | ≥ 2withB maximal. Note that A is aminimal vertical
2-separating set ofM . By Lemma 8 for Y =;, B is closed, and, therefore, T ⊆B .
Let us check that rM/T∪p (B − T ) ≥ 2. First suppose that x1,x2 ∈ B , then W ∪ p ⊆ B ∪ p and,
therefore rM/p(B)≥ 4 and this implies that rM/T∪p(B−T )≥ 2. Now, consider the case that xi ∈ A for
some i ∈ {1,2}. By Lemma 9, for z = xi , it follows that A is a rank-2 cocircuit and B is a hyperplane
ofM/p. Thus rM/p(B)= r (M/p)−1≥ 4 and, as a consequence, r(M/T∪p)(B −T )≥ 2 in all cases.
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Now, note that:
(1)
r(M/T∪p)(B −T )+ r(M/T∪p)(A) = rM/p(B)−2+ rM/p (A)+ (r(M/T∪p)(A)− rM/p (A))
≤ r (M/p)−1+ (r(M/T∪p)(A)− rM/p (A))
= r (M/T ∪p)+1+ (r(M/T∪p)(A)− rM/p (A)).
As T meets two triads, it follows that T is a flat ofM/p disjoint from A. Hence, rM/p (T ∪A)≥ 3 and
r(M/T∪p)(A)≥ 1. SinceM/(T ∪p) is vertically connected, the right side of (1) is at least r (M/T ∪p)+
1, so r(M/T∪p)(A)= rM/p (A)≥ 2. But r(M/T∪p)(B −T )≥ 2 and, therefore, (1) contradicts the vertical
3-connectivity ofM/(T ∪p). 
Lemma39. If M has no deletable elements, r (M)= 5 andM has a biweb, then M has a filmentwith
3 elements or a 4-independent set of vertically contractible elements.
Proof. LetW := x1,x2, y1, y2, y3 be a biweb of M . We may assume thatW is strict. By Lemma 26
and Corollary 19, the elements of I := {x1,x2, y3} are vertically contractible in M . By Corollary 34,
I is independent and rM (W )= 4= r (M)−1. Hence, E (M)−W contains a cocircuit C∗. AsW is an
union of two triads, rM (C∗) ≤ rM (E (M)−W ) ≤ r (M)−2 = 3. So C∗ is a rank-3 cocircuit of M . By
Proposition 27,C∗ contains a vertically contractible element z ofM . Now, I∪{z} is a 4-independent
set of vertically contractible elements ofM . 
The next Lemma has an elementary proof, which will be omitted.
Lemma40. If {A1, . . . ,An} is a free family ofM and, for each i = 1, . . . ,n, Bi ⊆ clM (Ai ), then {B1, . . . ,Bn}
is a free family of M.
Lemma 41. If {A1, . . . ,An} is a free family of M/X and rM/X (Ai ) = rM (Ai ) for each i ∈ [n], then
{X ,A1, . . . ,An} is a free family of M.
Proof. Note that:
rM (X ∪ A1∪·· ·∪ An) ≤ rM (X )+ rM (A1)+·· ·+ rM (An)
= rM (X )+ rM/X (A1)+·· ·+ rM/X (An)
= rM (X )+ rM/X (A1∪·· ·∪ An)
= rM (X ∪ A1∪·· ·∪ An)
Thus equality holds above. This implies the lemma. 
Wesay that a singleton subset ofE(M) is (X ,N )-replaceable inM if its element is (X ,N )-replaceable
inM .
Lemma 42. Suppose that M/X \Z is simple with an N-minor and {X1, . . . ,Xn} is a free family of
M/X \Z. Suppose also that, for each Xi , one of the following alternatives holds:
(a) For some 2-subset Yi ⊆ Xi , clM (Yi ) contains an (X ,N )-replaceable element or an N-filament
of M.
(b) Xi is an (X ,N )-replaceable singleton set of M.
Then, M has a free family {X ,Z1, . . . ,Zn} such that, for k ∈ [n], Zk is an N-filament or a vertically
N-contractible singleton set of M.
Proof. By Lemma 40, we may define a free family {X ,Y1, . . . ,Yn} of M/X \Z , choosing Yi as a 2-
subset of Xi according to (a), provided (a) holds, and choosing Yi := Xi otherwise. As M and
M/X \Z are simple, hence 1≤ rM\Z (Yi )= |Yi | = rM/X \Z (Yi )≤ 2 for each i . By Lemma41, {X ,Y1, . . . ,Yn}
is a free family ofM\Z , and, therefore, ofM . Next, for each i , defineWi as a subset of clM (Yi ) that
is anN-filament or an (X ,N )-replaceable singleton set ofM . By Lemma 40,F0 := {X ,W1, . . . ,Wn} is
free. Now, for k ∈ [n], let us define Zk inductively in such away that eachFk := {X ,Z1, . . . ,Zk ,Wk+1, . . . ,Wn}
is free and Fn satisfies the Lemma.
If Wk is an N-filament of M or a vertically N-contractible singleton set of M , simply define
Zk :=Wk . Otherwise, Wk is an (X ,N )-replaceable but not vertically N-contractible singleton set
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{w} ofM . Let I be a set of verticallyN-contractible elements andC a circuit ofM such thatw ∈C ⊆
(X ∪I )∪w . AsFk−1 is free andw ∈Wk , hencew ∉ F := clM (X ∪Z1∪. . .∪Zk−1∪Wk+1∪. . .∪Wn) and,
therefore, there is an element z ∈ C − (F ∪w) ⊆ I . Since z ∈ I , then z is vertically N-contractible.
Define Zk = {z}. Since Fk−1 − {Wk} is free and z ∉ F , then Fk = (Fk−1 − {Wk})∪ {Zk} is free. The
familyFn satisfies the Lemma. 
7. PROOFS FOR THE MAIN RESULTS
Proof of Theorem 2: Suppose that (M ,N ) is a counter-example to the theoremminimizing |E (M)|.
By Theorem 1, the theorem holds for k ≤ 4. So, k ≥ 5. It is straightforward to verify that M is not
a wheel or whirl: in such case N would be also a wheel or whirl respectively or N ≤U2,4, implying
that the elements in the rim of M are vertically N-contractible. By Seymour’s Splitter Theorem,
exactly one of the following cases occur:
(i) M has an N-deletable element.
(ii) M has an N-biweb and no N-deletable elements.
(iii) M has an N-contractible element x and (i) and (ii) do not occur.
Next, we complete the proof for each case.
Case (i): Define X := ; and Z as an N-deletable singleton set of M . Let F := {X1, . . . ,Xn} be a
family satisfying Theorem 2 for M\Z = M\Z/X . By Corollary 29 and Lemma 30, F satisfies the
hypothesis of Lemma 42. The family {Z1, . . . ,Zn} obtained from Lemma 42 satisfies the theorem
since r (M)= r (M\Z ) in this case.
Case (ii): If r (M) = 5, then r (N ) = 0 and the theorem follows from Lemma 39. Assume that
r (M) ≥ 6 for this case. LetW be an N-biweb of M with triangle, namely, T . By Lemma 36, M/T
is 3-connected with an N-minor. Let F := {X1, . . . ,Xn} be a family satisfying Theorem 2 for M/T .
Define X := T and Z := ;. The hypothesis of Lemma 42 are satisfied because of Lemma 38 and
Lemma 37. Let {X ,Z1, . . . ,Zn} be a free family of M as in Lemma 42. IfW is part of a carambole,
then X is anN-filament and the theoremholds. Otherwise, ifW is a strict biweb, then, by Corollary
26, X contains a verticallyN-contractible element x ofM and {{x},Z1, . . . ,Zn} satisfies the theorem.
Case (iii): Define Z := ; and X := {x}. Let F := {X1, . . . ,Xn} be a family satisfying Theorem
2 for M/x = M/X \Z . By Lemma 33, all vertically N-contractible elements of M/x are (X ,N )-
replaceable in M . So, by Lemma 32, the hypothesis of Lemma 42 are once more satisfied. The
family {X ,Z1, . . . ,Zn}, obtained from Lemma 42, satisfies the theorem as before. This completes
the proof. 
Proof of Proposition 16: By Proposition 11, |X | = n, where n is the size of the filament. Moreover,
by orthogonalitywith the cocircuits of the carambole, X maynot contains circuits. If some triangle
meets X , then by orthogonality, it mustmeet L, a contradiction to Corollary 13. Now, the elements
of X are N-contractible because of Lemma 19. So, the proposition holds. 
Proof of Corollary 4: The proof is analogous to the proof of Theorem 2. Consider a counter-
example minimizing |E (M)|. The proof in case (i) is the same. In case (ii), by Corollaries 20 and
26, we have the result. In case (iii), instead of the minimality of M , we use Theorem 1 for k = 3 to
obtain F and, in the same way, finish the proof. 
Proof of Corollary 5: Consider the family {X1, . . . ,X4} given by Theorem 2. We may assume that
X1 is an N-filament with more than 3 elements. By Proposition 16, M has a 4-independent set of
verticallyN-contractible elements. 
With the lemmas we established here, it is possible to give an alternative proof for Theorem 1.
This is interesting for the self-sufficiency of this work.
Proof of Theorem 1: Suppose that M and N contradict the theorem, minimizing (k, |E (M)|) lex-
icographically. If k = 1, the result follows directly form Seymour’s Splitter Theorem and Bixby’s
Lemma (this is made with details in [16, Lemma 12.3.11]). So, k ≥ 2. If r (M) ≤ 3, then r (N ) ≤ 1
and the result is trivial. Suppose that r (M) ≥ 4. By Proposition 16, M has no N-caramboles. By
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Corollaries 20 and 26, M has no N-biwebs. By Corollary 29 and the minimality of |E (M)|, M has
no N-deletable elements. By Seymour’s Splitter TheoremM has an N-contractible element x. By
the minimality of k, there is a free family F with k −1 vertically N-contractible singleton sets of
M/x. Now, the proof is finished as in case (iii) of the proof of Theorem 2. 
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